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Lithium isotope shifts as a measure of nuclear size
The isotope shifts for 2 2 P J -2 2 S and 3 2 S -2 2 S transition energies in lithium are calculated variationally in Hylleraas coordinates, including nonrelativistic, relativistic, and QED terms up to O(/M ), O(/M ) 2 , O(␣ 2 /M ), and O(␣ 3 /M ) atomic units, and the lowest-order finite nuclear size correction. With highprecision isotope shift measurements, our results can potentially yield a precise determination of the nuclear charge radius for different isotopes of lithium, and especially for the exotic 11 Li ''halo'' isotope. For the case of 7 Li-6 Li, using the nuclear charge radii from nuclear scattering data, our calculated isotope shifts for the 2 2 P 1/2 -2 2 S, 2 2 P 3/2 -2 2 S, and 3 2 S -2 2 S transitions are 10 534.31(61)(6) MHz, 10 534.70(61)(6) MHz, and 114 54.31(39)(5) MHz, respectively, where the first brackets indicate the uncertainties due to the nuclear charge radii, and the second brackets indicate the computational uncertainties. The experimental isotope shifts are inconsistent with each other and with theory for these transitions.
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I. INTRODUCTION
The root-mean-square ͑rms͒ radius of the nuclear charge distribution is a quantity of fundamental importance in nuclear physics ͓1͔. For lithium, although the rms nuclear radii of the stable species 6 Li and 7 Li are determined at the 1% level ͓2͔, for unstable 8 Li, 9 Li, and 11
Li the rms charge radii are unknown. Among these isotopes, the study of 11 Li is of great current interest ͓3,4͔ because this isotope consists of a 9 Li core with a ''halo'' of two loosely bound neutrons orbiting the nucleus. In addition to the traditional nuclear scattering method, the nuclear charge distribution can be probed by a combination of atomic physics theory and experiment, provided both theory and measurement can be carried out to sufficiently high accuracy. One advantage of such an approach is its nuclear model independence. Although the influence of a finite nuclear charge distribution on the energy level of an atom is well known ͑see Ref. ͓5͔ for a review͒, it was pointed out by Drake ͓6͔ that a high-precision measurement of an isotope shift for a chosen transition might be used to extract the rms nuclear radius. Although the QED terms for light atoms are comparable in size to the nuclear size corrections, they are, to a first approximation, independent of the nuclear mass, and so they largely cancel from the calculated isotope shift. The significance of the method is therefore that the nuclear radius can be determined independently of QED uncertainties. This method was recently applied successfully to the studies of 4 One purpose of this paper is to report the theoretical results of the 7 Li-6 Li isotope shifts for the 3 2 S -2 2 S and 2 2 P J -2 2 S transitions. A second purpose is to provide a formula for the isotope shift between any two Li isotopes as a function of the assumed rms nuclear radii. This is motivated by the experimental efforts currently under way at GSI, Darmstadt ͓4͔, to measure the Li 3 2 S -2 2 S isotope shift with a proposed accuracy of 200 kHz. The ultimate goal is to determine the rms radii of Li isotopes, particularly the halo nucleus 11 Li, with a precision of 10% or better. The calculations are based on our recent advances ͓13-19͔ in highprecision variational calculations for lithium and lithiumlike ions using multiple basis sets in Hylleraas coordinates.
The paper is organized as follows. In Sec. II we review the theoretical formulation of the problem and construction of basis sets in Hylleraas coordinates for the lithium atom wave function. Finite nuclear mass effects and the mass polarization operator are taken into account up to second order by perturbation theory. Especially important are relativistic recoil terms of order ␣ 2 /M a.u., since it is the accuracy of these terms that limits the accuracy of the final results. Section III presents results for basis sets containing up to 3502 terms, together with a general formula for the determination of rms nuclear radii for any isotope of lithium relative to a chosen reference isotope. Section IV discusses the comparison with experiment for the 7 Li-6 Li isotope shifts, and Sec. V presents some concluding remarks.
II. THEORETICAL FORMULATION
After rescaling distances according to r→(m/)r, the Hamiltonian for a three-electron atomic system is
and
is the electron reduced mass, and ϭϪ/M , which can be treated as a perturbation parameter. The Schrödinger equation
can be solved perturbatively by expanding ⌿ and E according to where
LM is a vector-coupled product of spherical harmonics for the three electrons to form a state of total angular momentum L, and 1 is a spin function with spin angular momentum 1/2. As described previously ͓13,18͔, all terms from Eq. ͑11͒ are nominally included such that
and the convergence of the eigenvalues is studied as ⍀ is progressively increased. Further details may be found in Ref.
͓18͔. Since Eq. ͑6͒ is expressed in units of (1ϩ)2R ϱ , the explicit mass dependence of E is
The lowest-order relativistic corrections of O(␣ 2 ) and the spin-dependent anomalous magnetic moment corrections of O(␣ 3 ) can be written in the form ͓20,21͔ ͑in atomic units͒
where ⌿ is a nonrelativistic wave function, and H rel is defined by
In Eq. ͑15͒,
with pϭp 1 ϩp 2 ϩp 3 , and ␥ is
For doublet states, the operator
, and the expectation value of the spin-spin term B 5 vanishes. B i are the Breit-Pauli terms, the terms proportional to m/M are the nuclear relativistic recoil corrections, and the terms proportional to ␥ are the anomalous magnetic moment corrections. The perturbing effect of mass polarization on the expectation values of Breit operators can be obtained using
where the extra term Ϫ͗⌿ 1 ͉⌿ 0 ͘⌿ 0 is added to ⌿ 1 so that the first two terms of the right-hand side are orthogonal to each other ͓22͔. Thus, for a Breit operator A, one has
Furthermore, due to the use of -scaled atomic units in Eq.
͑1͒, the units of ͗⌿͉A͉⌿͘ in Eq. ͑26͒ are (/m) n 2R ϱ , where Ϫn is the degree of homogeneity of operator A in three-electron coordinate space such that A͑␤r 1 ,␤r 2 ,␤r 3 ͒ϭ␤ Ϫn A͑r 1 ,r 2 ,r 3 ͒. ͑29͒
one has the explicit mass-dependent formula
The QED corrections can be calculated according to the formulation of McKenzie and Drake ͓23͔:
where x is the number of 1s electrons, F(nl j ) is the oneelectron QED function defined by Johnson and Soff ͓24͔,
where the Q term is defined by
In Eq. ͑35͒, ␥ is Euler's constant, ⑀ is the radius of a sphere about r i j ϭ0 excluded from the integration, and a summation over iϾ j from 1 to 3 is assumed. Finally, the last correction to be included is that due to finite nuclear size. It is given in lowest order by
where r rms ϭR rms /a Bohr , R rms is the root-mean-square radius of the nuclear charge distribution, and a Bohr is the Bohr radius. A mass scaling factor of (/m) 3 is included in the definition of ͗␦(r i )͘.
In a nonrelativistic approximation, the ⑀ 0 term of Eq. ͓13͔ is called the normal isotope shift, and the remaining terms ⑀ 1 ϩ••• are sometimes called the specific isotope shift. However, this partition becomes somewhat artificial when relativistic corrections are included because the overall multiplying factor is no longer simply 1ϩ from the finitemass Rydberg. The B 1 term scales with mass as (1ϩ) 4 and the other terms in Eq. ͓15͔ scale as (1ϩ) 3 . Table I shows a convergence study of 0 for 3 2 S as the size of basis set increases progressively up to 3502 terms, together with comparisons with King's result ͓25͔ using Hylleraas coordinates, and the result of Wang et al. ͓26͔ using a full-core-plus-correlation wave function. Our calculation improves theirs by factors of 1.2ϫ10 6 and 2.3ϫ10 4 respectively. A similar convergence study for the 2 2 S and 2 2 P states can be found in Ref. ͓18͔. Our results for the nonrelativistic energies for the 2 2 S, 2 2 P, and 3 2 S are calculated to a computational accuracy of a few parts in 10 12 . Table VI lists the calculated contributions to the isotope shifts for the 2 2 P J -2 2 S transitions. The first uncertainties are due to the uncertainties of the rms nuclear radii, and the second uncertainties are from the uncertainties of the computed coefficients. The main uncertainties of the total isotope shifts are due to the nuclear charge radii, since the terms of order /M , (/M ) 2 , and ␣ 2 /M are well established, and the QED terms of order ␣ 3 /M hardly affect the comparison. The contribution from the r rms 2 /M term is negligible. Table VII contains the contributions to the isotope shift for the 3 2 S -2 2 S transition. King ͓25͔ also studied this isotope shift using Hylleraas type wave functions. His result is Ϫ0.381 800 cm Ϫ1 . However, his value for the expectation value of the mass polarization operator for the 3 2 S state is only accurate to about 270 ppm, and he did not include the relativistic recoil term of order ␣ 2 /M . The accuracy of this latter term is in fact the dominant source of theoretical uncertainty.
III. CALCULATIONS AND RESULTS

Determination of nuclear radii
The principal motivation for this work is to provide a spectroscopic means of determining nuclear radii from the observed isotope shifts. For this purpose, we take the calculated coefficients in Eqs. ͑37͒ to ͑39͒ as correct and rewrite these equations in the form
for the nuclear radius squared of an arbitrary isotope A Li relative to 6 Li. E meas A is the measured isotope shift for A Li relative to 6 Li, and E 0 A contains all the calculated contribu- It depends on the transition i→ f in question, but it is nearly independent of the mass number A. Using the atomic masses from Li, the uncertainty in E 0 A for the 3 2 S -2 2 S transition is composed of a Ϯ0.18 MHz uncertainty from the theoretical coefficients ͑mainly the ␣ 2 /M term͒, and a Ϯ0.12 MHz uncertainty from the 11 Li atomic mass. The final uncertainty of Ϯ0.21 MHz is sufficient to determine R rms 2 for 11 Li to an accuracy of Ϯ0.13 fm 2 . Somewhat higher accuracy in R rms 2 could be obtained from the 2 2 P J Ϫ2 2 S transitions (Ϯ0.10 fm 2 ), but the larger linewidth would pose additional experimental difficulties. With further improvements to the theory, a better measurement of M A for 11 Li would also be desirable in order to exploit fully the isotope shift method of measuring the nuclear charge radius.
IV. COMPARISONS WITH EXPERIMENT
Our result for the 3 2 SϪ2 2 S 7 Li-6 Li isotope shift of 11 454.29͑38͒͑5͒ MHz lies just at the upper edge of the error limits for the value 11 434͑20͒ MHz measured by Vadla TABLE V. Summary of the nuclear spin (S), lifetime (T 1/2 ), atomic mass (M A ), magnetic dipole and electric quadrupole nuclear moments ( I and Q), hyperfine structure splitting ͑HFS, in the 2S state͒, rms mass radius R rms (m) , and charge radius R rms (e) for the isotopes of lithium. Table VII͒ . Here, the experimental precision of Ϯ20 MHz is not sufficient to provide a significant test of theory beyond the lowest order /M term, and the uncertainty is much larger than the nuclear radius contribution. However, as illustrated in Fig. 1 , the interpretation of the measurements for the 2 2 P J -2 2 S isotope shifts is much more obscure for several reasons. First, as a preliminary remark, we have verified in parallel calculations for the 1s2p 3 P J -1s2s 3 S 1 isotope shift in Li ϩ that theory and experiment are in good agreement. In fact, the Li ϩ experiment determines the difference in nuclear radii to be R rms ( 6 Li) ϪR rms ( 7 Li)ϭ0.15Ϯ0.01 fm, in close agreement with the value 0.16Ϯ0.05 fm from nuclear scattering data. We therefore take the values for R rms listed in Table V as correct. For the case of neutral lithium, the two sets of measurements by Sansonetti et al. ͓12͔ and Scherf et al. ͓11͔ do not agree with each other, and of the four separate measurements, only the 2 2 P 3/2 -2 2 S result of Scherf et al. is in reasonable agreement with theory. In Fig. 1 , note that the large outer error bars on the two theoretical data points are due to the nuclear radius uncertainty. These error bars are directly correlated since a change in R rms 2 would shift both theoretical points in the same direction and by the same amount, as further discussed in the following paragraph.
A useful check on the experimental data is provided by the 2 2 P 3/2 -2 2 P 1/2 splitting isotope shift ͑SIS͒, obtained from the difference between the 2 2 P 3/2 -2 2 S and 2 2 P 1/2 -2 2 S isotope shifts. To the necessary accuracy, this quantity is determined entirely by the spin-dependent part of the single ␣ 2 /M term in Table VI . QED and finite nuclear volume corrections largely cancel since they are nearly the same for both states. The predicted SIS is 0.393͑66͒ MHz, in excellent agreement with the measured value 0.4͑3͒ MHz from Sansonetti et al. It may be that their SIS is more accurate than their error estimates for the full transition frequencies would indicate, but that both measurements are too low by about 1.4͑3͒ MHz. On the other hand, the data of Scherf et al. yield a SIS of 1.80͑15͒ MHz, indicating that at least one of their measurements is incorrect by about nine standard deviations. It is clear that additional experimental work is required to resolve these discrepancies.
V. DISCUSSION
In this work, we have obtained the theoretical data necessary to derive nuclear radii from isotope shift measurements in neutral lithium. This work complements earlier work for transitions in Li ϩ ͓8͔ where theory and experiment were shown to be in good agreement, and consistent with the nuclear radii for 6 Li and 7 Li derived from nuclear scattering measurements. The results can be applied directly to the 11 Li ''halo'' isotope for which the rms nuclear charge radius is difficult to determine by standard methods because of its low abundance. The present theoretical accuracy would allow a measurement of R rms 2 accurate to Ϯ0.13 fm 2 . Further improvements to the theory would also require an improved atomic mass measurement for 11 Li in order to exploit to the full the potential accuracy of the isotope shift method.
The comparison between theory and experiment for the 7 Li-6 Li isotope shift in the 2 2 P J -2 2 S transitions is not very satisfactory. The experiments are inconsistent with each other and with theory. A resolution of these inconsistencies would be very valuable in verifying that all contributions to isotope shifts in lithium have been calculated correctly and to sufficient accuracy.
Note added in proof. In recent calculations for helium, Pachucki and Sapirstein ͓38͔ discuss additional QED recoil corrections of order ␣ 3 /M which are not included in the present work. Similar corrections should also be included for 2 P J -2 2 S isotope shift. For the theoretical data points, the inner error bars denote the computational uncertainty, and the outer error bars include the nuclear radius uncertainty. The outer error bars for the two theoretical data points are directly correlated ͑see the text͒. Experimental error bars represent one standard deviation.
lithium, but they are unlikely to change the present results for the isotope shifts by more than a few tenths of a megahertz.
